We study the existence of shape-preserving projections and, more generally, the existence of shape-preserving operators with a given ( xed) action.
Introduction and Preliminaries
Let X denote a Banach space and V an n-dimensional subspace of X. We will use the following notation: an n-tuple from X is to be considered a column vector while an n-tuple from X will be a row vector. Elements of R n will be column vectors.
Let S X denote the set of all elements that possess a speci ed \shape". For example S might denote the set of convex functions or the set of monotone functions in C 0; 1]. The problems involved with preserving the \shape" (i.e., leaving S invariant) while approximating elements of X by elements of V have been the object of much study, especially in case of best approximation ( 19] ). Best approximation operators that are invariant on S are, in general, non-linear and their existence is usually not an issue. It is in the attempt to preserve a \shape" using linear operators that existence becomes problematic. As illustrated in the following example, small variations in the \action" of a linear operator on V may greatly in uence the ability of that operator to leave S invariant. 0 , where 0 0 denotes derivative-evaluation at t = 0. In the case S is a cone induced by a vector lattice, one usually refers to S as the positive cone and to an operator invariant on S as a positive operator (see e.g., 17]). In the following, we will be interested in cones (and thus \shapes") derived in a di erent manner, using subsets of X to de ne S. We call linear operators invariant on S shape-preserving operators and we will discuss the existence and characterization of these operators.
Denote by B = B(X; V ) the space of bounded linear operators from X to V . Given P 2 B, there exists u = (u 1 ; : : : ; u n ) 2 (X ) n and basis v = (v 1 ; : : : ; v n ) T 2 (V ) n such that the representation P = u v = P n i=1 u i v i is valid, where Pf = P n i=1 hf; u i iv i . DEFINITION 1.1 For a given n n nonsingular matrix A, P 2 B is said to be an A-action operator if P can be written as P = P n i=1 u i v i such that (hv i ; u j i) = A; i.e., Pv = Av .
Note that there is an entire equivalence class of matrices associated with a particular A-action operator. That is to say, if P = u v is an A-action operator, then P is also an MAM ?1 -action operator, for any nonsingular matrix M, since P = uM M ?1 v and (h(M ?1 v) i ; (uM) j i) = MAM ?1 . In the following, it will frequently be advantageous for us to rewrite an operator's representation, as above. To this end, we will resist xing a particular nonsingular matrix A and instead simply refer to a given`action' and use A to denote a representative from the equivalence class.
We will now consider the existence of A-action operators that preserve the \shape" of elements of X in the following sense (see 1] and 10] for related considerations). We will take the term cone to mean a convex set, closed under nonnegative scalar multiplication. A pointed cone is a cone that contains no lines. DEFINITION 1.2 Let S be a weak*-closed pointed cone in X . Then f 2 X is said to have shape (in the sense of S ) if hf; ui 0 for all u 2 S .
Let S be the set of all elements of X with shape. (Note that S is also a cone.) Let S 1 = S \ B(X ) and let S 0 denote the set of extreme points of S 1 less 0. (Note that S 1 is the closed convex hull of S 0 f0g by the Krein-Milman theorem.) In order to emphasize the geometric avor of our discussion we will sometimes refer to S 0 as \corners" of S 1 and to E(S ) := ?1 (S 0 ) as the \edges" of the cone S , where (z) := z=kzk. We will also say that S is generated by S 0 or by E(S ) and write S = cone(S 0 ) or S = cone(E(S )).
Finally, we will sometimes refer to the edge of a cone as the ray generated by all positive scalar multiples of a particular non-zero element of the edge and sometimes identify such an element with the edge itself. ASSUMPTIONS Unless otherwised noted, we assume that S is total over V ; that is, we assume that S j V contains n independent elements (in Example 3.5 we examine a situation in which S is not total over V ). Furthermore, we assume that S\ (S ) ? 6 = ; and that S contains at least n independent elements. LEMMA 1.1 S and S are \dual" cones in the sense that, if hf; ui 0 8f 2 S, then u 2 S .
Proof. Suppose that hf; ui 0 8f 2 S but u 6 2 S .
In the case X is re exive we have an immediate contradiction, since S being weakly closed and convex can be \separated" from u by a functional f 2 X = X such that hw; fi = hf; wi 0 8w 2 S and yet hu; fi = hf; ui = ?1 (i.e., f provides a \supporting hyperplane" for S separating S from u); but such an f is in S.
In the general case the \separating functional" f (inX ) above is not necessarily in X and therefore not necessarily in S and so the construction of a \separating" hyperplane must be modi ed as follows. Let C = co(S 0 ), where the closure is with respect to the weak* topology. Note that C is a convex, compact set, not containing the origin. Consider rst the case that u 6 2 ?S (of course we still suppose that u 6 2 S ). Then the entire subspace u] does not intersect C and thus from the convexity and compactness of C, it follows that there exists an entire closed hyperplane H containing u] such that H \C = ; (see 8] ). Considering X with its weak*-topology, let t 2 (X =H) ( Proof. We prove the contrapositive. Let P = P n i=1 u i v i 2 A S for some A and let f = (f 1 ; : : : ; f n ) T 2 S n be an n-tuple of independent elements. Then Pf = hf; uiv is a basis that has shape.
In the following we will therefore assume that V contains a basis with shape.
As seen in 6], A S may be empty for certain (standard) S , where A = I n . In the following section, we attempt to characterize when A S 6 = ;. follows that, via a change of basis, we may rewrite P as P = P n i=1 u i v i where u i 2 S , i = 1; : : : ; n. Thus, for u 2 S , uA u = uhv; ui u = uhv; ui = P u 2 S :
(() Let v 2 V n such that hv; ui = A. Then P = P n i=1 u i v i is shapepreserving, since, for f 2 S and u 2 S , we have hPf; ui = hf; P ui = hf; uA u i 0:
NOTE 3 The preceding characterization theorem has an interesting geometric interpretation. For a xed cone S , the question of whether or not a particular action A preserves this shape is actually a question concerning the existence of subcones of S that have a particular set of n generators.
Speci cally, A S 6 = ; if and only if there exists a subcone S A of S , possessing n \A-cone" edges; i.e., n elements (u 1 ; : : : ; u n ) = u 2 (S ) n such that S A = fuA u j u 2 S g. The following corollaries further the geometric insights into the shape-preserving problem. For example, in certain settings (as we shall see) the notion of \A-cone" edges simpli es to actual edges (in the sense that nonnegative linear combinations of fu 1 ; : : : ; u n g will recover S A ). This is a su cient condition for existence. NOTE 4 The example above illustrates the observation that, in order to determine a set of action operators preserving a certain given shape, one may proceed as follows: for each u 2 (S 0 ) n consider u := f u : u 2 S 0 g and suppose R u := fa : a u 0 8 u 2 u g is non-empty. Then A S is not empty for any \action" matrix A whose rows are members of R u .
The following corollary (Corollary 2.2) is also quite useful in practice, since it gives conditions in R n relating to existence. In addition we will see that, in the projection case (the identity action), the corollary extends to a characterizing theorem (Theorem 2.2) below. If, in addition, AS j V is contained in a simplicial subcone of S j V , then this is su cient for A S 6 = ;.
Proof. If P = P n i=1 u i v i 2 A S , then by Lemma 1.1 we have P u 2 S 8u 2 S . Thus (P u) j v 2 S j v . But (P u) j v = hv; P ui = hPv; ui = hhv; uiv; ui = Ahv; ui and hence AS j v S j v . Now suppose there exists fu 1j V ; : : : ; u nj V g S j v such that AS j v cone(u 1j V ; : : : ; u nj V ). Set u = (u 1 ; : : : ; u n ) 2 (S ) n . Note 
The Projection Action
Let P S denote the set of shape-preserving projections from X onto V . We will show that Corollary 2.2, in the case of projections, results in a simple geometric characterization of P S (recall that the action matrix for a projection is the identity). This characterization will then lead us to a result concerning uniqueness. DEFINITION 2.3 The shape S (generated by the set S 0 ) is said to be proper (with respect to V ) if S j V is closed (in X j V ). In addition we say that a proper shape S is strictly proper (with respect to V ) if distinct elements of S 0 do not agree on V .
NOTE 5 To determine whether S is proper (with respect to V ) it is of course su cient to determine whether the set of non-zero elements of (S 0 ) j V is closed.
We give an example where S 0 is not proper in the following. Speci cally, note that the sequence f( 1=n ) j V =ng converges to 0j V . There does not exist, however, an element of S that restricts to 0 on V . Indeed, for such a functional to exist, it would have to be nonnegative against every function of the form f(t) = mt ?g(t) where m > 0 and g(t) is a nonnegative function pointwise bounded by mt (since such a function f(t) has shape). However, such a functional must vanish on v 2 (t) = t (since it restricts to 0 in V ), and thus it must vanish against all such g(t). We know that such a functional is not identically zero, since it is 1 against the identically 1 function. But then it follows immediately that such a functional could not be bounded. The following example is one where S 0 is strictly proper (with respect to V ). ()) We will show that jE(S j V )j = n. Let P = u v 2 P S and from Lemma 2.1, we have P S S . Note that (P u) j V = u j V since P is a projection; and since P X is n-dimensional, it follows that (P u) j V = (P w) j V if and only if P u = P w in X . Thus there is a bijection between the n-dimensional cones P S and S j V given by P u , u j V . This implies that jE(S j V )j = jE(P S )j and we now show jE(P S )j = n. Since S proper, it follows again by the Krein-Milman theorem that the compact convex set S j V \B(X j V ) is the closed convex hull of its extreme points, and hence (via the identi cation of P S and S j V ) there exists an independent subset fP w 1 ; : : : ; P w n g such that each P w i 2 E(P S ) . (Note that we make the usual identi cation of a point on the edge with the edge itself.) We will now show that it is impossible for there to be any other edges. Note that for each i, P w i 2 S and as such may be written as a (possibly in nite) nonnegative combination of elements of S 0 ; i.e., with N = V ? \ S 0 , we have
where i is a positive measure with supp( i )\ (N ) = S i . Now taking P of both sides of (1) we nd that P w i = R S i P u d i , since P is a projection.
However, since P w i 2 E(P S ), this is only possible if P u = P w i for all u 2 S i . Whence it follows that u 2 S i only if u j V = (w i ) j V and thus S i \ S j = ;, i 6 = j. Now, suppose there exists P w n+1 2 E(P S ) such that P w n+1 6 = P w i , i = 1; : : : ; n. Then P w n+1 has a representation as in 
where the (signed) measure = P n i=1 c i i . However, S n+1 and S 1 S n are disjoint and so (2) contradicts the independence of the set S 0 . Thus jE(P S )j = n. NOTE 6 If P = u v = P n i=1 u i v i preserves shape and has range V , then from Lemma 2.1 we see that, without loss (after a possible change of basis), we may assume that u i 2 S , i = 1; :::; n. As noted before this fact gives us much insight into the make-up of shape-preserving operators; i.e. the functionals of an operator preserving shape S must be, without loss, in S themselves. But now we see in addition that if S is simplicial and proper and a shape-preserving projection exists then in fact the u i can be chosen from E(S ), i.e. are just (positive) scalar multiples of elements in S 0 .
For a strictly proper shape S = cone(S 0 ), distinct elements of S 0 do not agree on V . This gives an immediate uniqueness result. THEOREM 2.3 Let S be simplicial and strictly proper. If P S 6 = ; then P S = fPg.
Proof. Let E = E(S j V ). From Theorem 2.2, we have jEj = n and E = fu 1j V ; : : : ; u nj V g, where each u ij V is an edge of S j V . Since S j V = cone ? (S 0 ) j V , E (S 0 ) j V , and thus each u ij V 2 (S j V ) 0 extends uniquely to a u i 2 S 0 . Then for P 2 P S , we see from the above proof that P u i = u i for i = 1; : : : ; n.
From here it follows that P is unique.
REMARK Although the focus of this paper is the case where V is nitedimensional, the preceding theory (Theorem 2.2) extends to the case where V is in nite-dimensional. In this case the de nition of`proper' is amended to`S j V is weak*-closed (in X j V )'.
We will see many applications and examples of the preceeding theory. It will also be demonstrated that, even in setting of proper shapes, there exist actions that give rise to non-unique operators and`non-simplicial' cones.
Applications and Examples
As a rst application, we give a condition for which the necessary inclusion condition given in Corollary 2.2 extends to a characterizing condition. Proof. This follows immediately from Theorem 2.2 and Lemma 2.2
Next we extend the previous uniqueness result concerning projections. Here the nullspace of S , (S ) ? , will play a role; indeed, the linear subspace (S ) ? often results in P S being a linear manifold, as in 3], 6] and 7]. In this setting, the question of minimal (norm) shape-preserving projections can be addressed using classical techniques from approximation theory (see also 5] ). This theorem is also appropriate for settings where a given shape is not total over V . t , t 2 0; 1]g (while not proper with respect to n ) can be preserved by a projection in any of the above described manifolds. In summary then, we say there exist n-convex-preserving projections onto n The next application involves the consideration of shape-preserving operators onto 2-dimensional subspaces. COROLLARY 3.1 Let V be a 2-dimensional subspace and let S be a proper shape. Then A S 6 = ; if and only if AS j V S j V . In particular, P S 6 = ;.
Proof. Note in this case we do not require S to be simplicial. Indeed, since there is a basis with shape by Lemma 1.2, S j V is a closed cone with exactly 2 edges (which is unique to subspaces of dimension 2) and P S 6 = ; by Theorem showed that S is not proper (with respect to V ). Now, suppose that there did exist P = u 1 1 + u 2 t 2 P S . If u 1 6 2 S then by Lemma 1.1 there exists f 0 2 S such that hf 0 ; u 1 i < 0 and this implies that Pf 0 6 2 S (P f 0 = hf 0 ; u 1 i + hf 0 ; u 2 it, whence hPf 0 ; t i < 0 for t su ciently close to 0). Thus we must have u 1 2 S . However, the orthogonality condition ( ht i?1 ; u j i = ij , i; j = 1; 2) implies that (u 1 ) j V = ( 0 ) j V and it was shown in Example 2.4 that there does not exist an element of S that restricts as such.
Hence P S = ;. EXAMPLE 3.4 Let V = v 1 ; : : : ; v n ] be an n-dimensional subspace and S = cone (f 1 ; : : : ; n g) so that S is proper over V . Then Corollary 2.2 tells us that any action A such that AS j V S j V guarantees A S 6 = ;. In particular, of course, there will always exist a shape-preserving projection.
In the remaining examples, we work with preserving some standard shapes. that for n = 2 we are preserving monotonicity onto the quadratics; n = 3 corresponds to preserving convexity onto the cubics, etc. We will show quite easily that P S 6 = ;. To begin, we observe that our shape is not total (with respect to V ). Indeed, note ht r ; (n?1) i = 0 for r n ? 2. However, with respect to V 0 = t n?1 ; t n ], the shape is total (as well as strictly proper). Furthermore, S j V 0 is simplicial since and S 0 = f t g where t 2 0; 1]. We will show, using Theorem 2.2, that there does not exist any`positive-preserving' projections onto the quadratics by demonstrating that the cone S j V is not simplicial. It is easy to see that the shape generated by S 0 is simplicial and proper. As we have seen from the proof of Theorem 2.2, the edges of S j V are contained in the rays generated by (S 0 ) j V . 
Now we can simply observe that t does not have positive entries for all t. Indeed, note that the numerator of the rst entry is positive at t = 0 and negative at t = (t 2 + t 3 )=2. Therefore, the cone (S ) j V is not simplicial and this implies by Theorem 2.2 that P S = ; (it can be shown that, in fact, the cone S j V has in nitely many edges). Note that in the above we of course have S 0 X ; indeed, the above argument holds for any X such that this is true. For example, there cannot exist a positivity-preserving projection onto In the next few examples, we will be using actions other than the identity. One will note, however, that though the actions used are still in some sensè close' to the identity, the existence results are quite di erent from the similar projection cases.
One such action in which we will be interested is given by the seconddegree Bernstein operator considered above in Example 2.1. With respect to the basis 1; t; t The next example further illustrates the geometric nature of shape preservation. We consider a family of actions that are`close' to the identity action and look for those actions which can preserve positivity onto the rst degree trigonometric polynomials. EXAMPLE 3.10 Let X = C 0; ], V = 1; sin t; cos t] and S 0 = f t g, t 2
0; ]. Thus the shape which we wish to preserve is positivity. The cone S j V is not a simplicial cone of V ; in fact, each ( t ) j V belongs to an edge. Thus no projection can preserve positivity onto V . However, we might ask if there exist actions`close' to the identity that can preserve the shape S . We want to apply Corollary 2.2 and thus we let v = (1; sin t; cos t) T and de ne S j V = fhv; ui j u 2 S g R 3 . Each edge of this cone is a ray through a point (1; sin t; cos t), t 2 0; ]; i.e., each edge is formed by taking all nonnegative scalar multiples of each (column) vector hv; t i. Indeed, this`half-circle' set of vectors E = (S 0 ) j V = f(1; sin t; cos t) T g, t 2 0; ] generates the cone S j V . Note that E and A c E (matrix multiplication of each (1; sin t; cos t) T 2 E by A c ) form`concentric half-circles'. Hence by Corollary 2.2, we must have c < 1 if we want to preserve shape. With the su ciency of Corollary 2.2 in mind, we seek the the largest concentric half-circle that can be inscribed in the unit half-circle so that the inscribed half-circle is contained in the convex hull of 3 elements of the unit half-circle. The answer is, obviously, a half-circle of radius r = We would like conclude with an example that gives a shape-preserving Aaction such that AS j V cannot be contained in a simplicial subcone of S j V . EXAMPLE 3.11 Let X be a Banach space with 3-dimensional subspace V = v 1 ; v 2 ; v 3 ] and dual space X . We de ne the shape using 4 dual elements. To show A S 6 = ;, we appeal the Theorem 2.1; thus we must nd u = (u 1 ; u 2 ; u 3 ) 2 X such that uA i 2 S for i = 1; : : : ; 4 Thus A S 6 = ;. The reason this example is of interest is that A 4 has negative entries; i.e., geometrically, the subcone AS j V (of S j V ) has four edges and it cannot be contained in a simplicial (3-edged) subcone of S j V .
